
We now show to use the extension problem to recover the original group.

We have spectral sequences:

𝐸2
𝑎,𝑏 = 𝐻𝑎(𝐺; 𝜋𝑏(𝐸)) (htpy orbit) ⟹ 𝜋𝑎+𝑏(𝐸ℎ𝐺)

𝐸2
𝑎,𝑏 = 𝐻−𝑎(𝐺; 𝜋𝑏(𝐸)) (htpy fixed point) ⟹ 𝜋𝑎+𝑏(𝐸ℎ𝐺)

𝐸2
𝑎,𝑏 = �̂�−𝑎(𝐺; 𝜋𝑏(𝐸)) (tate) ⟹ 𝜋𝑎+𝑏(𝐸𝑡𝐺)

Where �̂�∗(𝐺; 𝑀) is the tate cohomology of 𝐺-module 𝑀 , defined by:

�̂�𝑛(𝐺; 𝑀) ≔

{
{{
{
{{
{𝐻𝑛(𝐺; 𝑀) = Ext𝑛

ℤ[𝐺](ℤ, 𝑀) if 𝑛 ≥ 1
coker(Norm𝐺) if 𝑛 = 0
ker(Norm𝐺) if 𝑛 = −1
𝐻−𝑛−1(𝐺; 𝑀) = Torℤ[𝐺]

−𝑛−1(ℤ, 𝑀) if 𝑛 ≤ −2

Let 𝐸 = KU∧
𝑝 , 𝐺 = 𝐶𝑝 , choose the 𝐺-action on KU∧

𝑝  to be the trivial action.

Recall that the homotopy group of KU∧
𝑝  is ℤ∧

𝑝 [𝑢, 𝑢−1], with deg(𝑢) = 2. We get the 𝐸2 page of the
tate spectral sequence:

𝐸2
𝑎,2𝑏′ =

{{
{{
{{
{{
{{
{Ext−𝑎

ℤ[𝐺](ℤ, ℤ∧
𝑝) = ℤ/𝑝ℤ if 𝑎 = −2(𝑛 + 1)

ker(ℤ∧
𝑝 ⟶⟶⟶⟶⟶

Norm
ℤ∧

𝑝) = 0 if = −1

coker(ℤ∧
𝑝 ⟶⟶⟶⟶⟶

Norm
ℤ∧

𝑝) = ℤ/𝑝ℤ if 𝑎 = 0

Torℤ[𝐺]
𝑎 (ℤ, ℤ∧

𝑝) = ℤ/𝑝ℤ if 𝑎 = 2(𝑛 + 1)

By using the following projective resolution of ℤ as a trivial ℤ[𝐶𝑝]-module:

⋯ ⟶ ℤ[𝐶𝑝] ⟶⟶⟶⟶⟶
Norm

ℤ[𝐶𝑝] ⟶⟶⟶⟶
𝑒−𝛼

ℤ[𝐶𝑝] ⟶⟶⟶⟶⟶
Norm

ℤ[𝐶𝑝] ⟶⟶⟶⟶
𝑒−𝛼

ℤ[𝐶𝑝] ⟶
aug

ℤ ⟶ 0

We picture the 𝐸2-page, each dot present an additive group ℤ/𝑝ℤ = 𝔽𝑝.

Now we can observe that, for degree reason, there are no non-trivial differentials in all 𝐸𝑛≥2 pages.
Thus, the 𝐸∞-page is just the 𝐸2-page, to recover the original group, we need additional knowledge
about the multiplication to solve the extension problem and recover the ring structure.

We know that KU∧
𝑝

𝑡𝐺 = cofiber(KU∧
𝑝ℎ𝐺

⟶⟶⟶⟶⟶
Norm

KU∧
𝑝

ℎ𝐺), thus KU∧
𝑝

𝑡𝐺 is a 𝔼∞-module over
KU∧

𝑝
ℎ𝐺, and the multiplication on KU∧

𝑝
𝑡𝐺 is compatible with KU∧

𝑝
𝑡𝐺-multiplication.

Using the following Gysin-type sequence:

𝑆1 ⟶ B𝐶𝑝 ⟶ B𝑆1

And combine with the complete multiplication … We get the following result: 𝜋∗KU∧
𝑝

ℎ𝐶𝑝 =
(𝜋∗KU∧

𝑝)⟦𝑥⟧/([𝑝]𝑥) with deg(𝑥) = −2, where [𝑝]𝑥 is 𝑥 +𝐹 ⋯ +𝐹 𝑥⏟⏟⏟⏟⏟
𝑝 times

 (+𝐹  presents the formal group

addition).

Use Araki’s formula [1](A2.2.4), we get: 𝜋∗KU∧
𝑝

ℎ𝐶𝑝 = ℤ∧
𝑝 [𝑢, 𝑢−1]⟦𝑥⟧/(𝑝𝑥 − 𝑢𝑝−1𝑥𝑝)

Similarly we can picture the 𝐸2 page of the homotopy fixed point spectral sequence:



We can see the only multiplicate by 𝑝-extension problem is: 𝑝 × 𝑥 = 𝑢𝑝−1𝑥, using the compatibility
of multiplications on KU∧

𝑝
𝑡𝐶𝑝 , we claim that this is the only multiplicate by 𝑝-extension problem in

the 𝐸∞-page of tate spectral sequence for 𝜋∗KU∧
𝑝

𝑡𝐶𝑝 . Using this way, we claim that:

𝜋∗KU∧
𝑝

𝑡𝐶𝑝 = ℤ∧
𝑝 [𝑢, 𝑢−1]⟦𝑥⟧[𝑥−1]/(𝑝𝑥 − 𝑢𝑝−1𝑥𝑝)

= ℤ∧
𝑝 [𝑢𝑥, (𝑢𝑥)−1]⟦𝑥⟧/(𝑝 − 𝑢𝑝−1𝑥𝑝−1)

= ℤ∧
𝑝[ 𝑝−1√−𝑝, ( 𝑝−1√−𝑝)−1]⟦𝑥⟧

= ℚ∧
𝑝 (𝜁𝑝)⦅𝑥⦆


